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Introduction

Problem statement

@ Computer model
@ Reliability assessment
@ Decision making
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Sources of uncertainty

@ Model inputs (such as distributional models, hyper-parameters etc.)
© Numerical approximation (discretization, truncation and round-off errors)
© Model form (mathematical & physical model representing the system )
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Uncertainty framework

@ Verification
o Numerical approximation

@ Discretization errors
@ Round-off errors

@ Uncertainty propagation

e propagation of input uncertainties through the model
@ processing of output uncertainties

@ Validation
o check the model against experimental data
@ Decision

o identify the worst case scenario
e decide whether worst case is acceptable
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Aspects of propagation

Number of individual evaluations of the model needed depends on:
@ Nonlinearity of the model
@ Dependency structure between the input quantities
@ Type of uncertainty, aleatory, epistemic, or mixed
@ The numerical method used to perform the mapping
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Introduction

Parametric approach
Standard approach
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Introduction

Non-parametric approach

Counter approach
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Back propagation problem (Tracking problem)

Is it possible in a non-parametric approach?

Search

feasible %—\’ max pg
domain {/%LQL’L\‘ min pg

P e “7 ay
o> -1
= ,zm
0 P Monte Carlo
. I, Simulation
ay p2

| = [0 | RO

5 [+
um |,

— "

p a; p21

M. de Angelis, et al. 26t May 2014  9/30



Propagation of failure probabilities

Problem statement

Characterize the problem:
@ What is the targeted failure probability?
@ How many state variables?
@ Is the response quantity (RQ) monotonic?
@ Does the RQ display a single mode?
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Propagation of failure probabilities

Problem statement

Characterize the problem:
@ What is the targeted failure probability?
@ How many state variables?
@ Is the response quantity (RQ) monotonic?
@ Does the RQ display a single mode?
Traditional reliability assessment:

Or={0cO]|g() <0} (1)

Pr= | hp(8; p) dO© (2)
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Outline

9 Uncertainty propagation
@ Imprecise failure probability
@ Line sampling estimation
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Generalized numerical framework of uncertainties

A bounded set B is defined by a vector of intervals x;, i =1, ..., nx
and a dependence function ®(x)

B = X [®(x), ®(x)] 3)
A credal set C is the set of distribution functions

C={hp(&p) | PE B}, Bp= X" [pi, Pl (4)
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Uncertainty propagation Imprecise failure probability

Generalized numerical framework of uncertainties

A bounded set B is defined by a vector of intervals x;, i =1, ..., nx
and a dependence function ®(x)

B = X [®(x), ®(x)] 3)
A credal set C is the set of distribution functions
C={hp(&p) | pE By}, Bo= X" [pi, Pi] (4)

Redefinition of failure domain:

OF = Qr X XF (5)

where,
QF(x) = {£ € R™ [ g(&,x) <0}, (6)
Xr(§) = {x e R™ | g(¢,x) < 0}. )
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Failure probability

Lower and upper bounds

Lower and upper bounds of failure probability are

C.By) = inf hp(&; p) dS; 8

P8 = ot [ ho(e:p) ®

Pr(C.B) = sup [ ho(eip)dn ©)
XeBx peBp JQp(x)
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Failure probability

Conjugate relationship

When the uncertainty set M is restricted to C only, i.e. M =C, the
probability function h° that yields the lower bound p . satisfies

hp(€) dQ+ | hp(§) d2=1, (10)
QF Qs
where, Qr U Qg = Q. Then, Eq. (9) establishes a conjugate (dual)
relationship
p(Q2s) =1 — p(QF), (11)
with p(Qs) = fQ ) dQ and p(QF) fQ
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Uncertainty propagation

Line sampling estimation

Global search for lower and upper bounds

Nested loops
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Uncertainty propagation Line sampling estimation

Proposed strategy

Epistemic propagation of failure probabilities

//\»\
. . //:/I . : \\
@ Advanced Line Sampling el y
o Efficient simulation method v Lt yd
e Adaptive algorithm s // ‘
@ Driven optimization process b S
. . amplei< \\\
e Exploit an averaged important oos | AN L
direction o 4//0ptin@|' = *
o Identify the conjugate states Important Diteeion =~ /
0 I C 4

de Angelis, Patelli, Beer. "Advanced line sampling for efficient robust reliability
analysis." Structural Safety, submitted, 2014
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Uncertainty propagation Line sampling estimation

Line Sampling

Limit State Surface

@ Important direction, «

Important Direction
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Uncertainty propagation Line sampling estimation

Line Sampling

@ Important direction, «

@ Generate points on
the hyperplane
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Line Sampling

@ Important direction, «

@ Generate points on gL
the hyperplane c

@ Samples along lines

Line sample
XL0 4+ (0 o

Line (0

XL0
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Pr = / I7(X) ha(X) dx = /n p E¢(x,)dx, / ¢ (Xn)dXn
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Line Sampling

@ Important direction, «

@ Generate points on gL
a
the hyperplane .
@ Samples along lines ’ Intersection
@ Approximate point on X0+ o

the limit state o

n—1
Pr= [1r0) i dx= [ TT ooy [ 1o
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The search in B,

Imprecision in the distribution parameters

@ Aim is identifying the elements of 3,
producing lower and upper bounds

@ The failure domain ©¢ does not
change as the search is performed
in Bp
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Uncertainty propagation Line sampling estimation

The search in B,

Imprecision in the distribution parameters

@ Aim is identifying the elements of 3,
producing lower and upper bounds

@ The failure domain © ¢ does not
change as the search is performed
in Bp

@ An averaged important direction can
be set for each iteration
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Uncertainty propagation Line sampling estimation

The search in B,

Imprecision in the distribution parameters

@ Aim is identifying the elements of 3,
producing lower and upper bounds

@ The failure domain © ¢ does not
change as the search is performed
in Bp

@ An averaged important direction can
be set for each iteration
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Uncertainty propagation Line sampling estimation

The search in B,

Imprecision in the distribution parameters

@ Aim is identifying the elements of 3,
producing lower and upper bounds
@ The failure domain ©f does not

change as the search is performed
in Bp

@ An averaged important direction can
be set for each iteration Standard Normal

u; Space
@ The failure domain is invariant to the
uncertainty set M
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The search in B,

Imprecision in the distribution parameters

@ Aim is identifying the elements of 53, %4  Physical Space
producing lower and upper bounds
@ The failure domain © ¢ does not

change as the search is performed
in Bp

@ An averaged important direction can

H H Standard Normal
be set for each iteration Ua Space

@ The failure domain is invariant to the —
uncertainty set M

@ The adaptive algorithm updates the o
important direction to increase the R
accuracy of estimations T
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The search in B,

Imprecision in the structural parameters

@ Recall the definition of failure domain from Eq. (4):

QF(x) = {£ e R™ | g(&, x) < 0},

@ Intervals make the failure domain no longer invariant to the
uncertainty set M,

@ For the sake of searching in By, assume the intervals are
imprecise Gaussian random variables

X nelx={hmE, o0 | B, =X oxc0,x]}, (12)

@ The uncertainty set is now the credal set M’ =C UCx
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The search in B,

Imprecision in the structural parameters
@ The search in M’ allows to identify the conjugate states

= i * = arg max 13
p. = arg min pr, p g max pr (13)

@ To these states it is associated the corresponding argument
minimum and maximum to be held within the intervals

(s px) = (X, X7) (14)

@ As the argument optima (x.., x*) are identified in By, just two
more reliability analyses are needed to estimate lower and
upper failure probabilities.
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Outline

© Examples
@ Explicit function

@ Large scale finite element model
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Linear performance function with noise

case (a): description

9(§,x) = —500+ & +286 + 283+ & — 5x1 — Sxa +

4 2
+0.001 > "sin(100;) 4 0.001 ) _ sin(100x));
i=1 j=1

SV Symbol Uncert. type  Mean/Interval Stand. dev.

1 13 LN(@7, o1) @ =[110, 125] &7 = [10, 14]
2 & IN(mz, 53) 2z =[115, 130] @3 = [10, 14]
3 & LN(m, 73) fs =[115, 130] a3 = [10, 14]
4 g LN(ma, 2) Fa = [115, 130] &g = [10, 14]
5 X1 Interval x; Xy = [45, 52] -

6 Xo Interval Xp Xz = [35, 43] -
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Linear performance function with noise

case (a): solution

The sign of the averaged important direction
SIQn(a) = (_17_17_17_17171)7

allows us to identify the argument optima

pGBg xXeByx
argmax pr = (i1, 01, Hz, 02, 13, 93, 4, 94, X1, Xa)-
PEB: XEBx

Here the search domain has 10 dimensions, thus more than 1024 reliability
analyses (iterations) would have been required to find an approximation of
the failure probability bounds with a full approach.
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Examples Explicit function

Linear performance function with noise

case (a): results

Original state space Standard normal space
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Linear performance function with noise

case (a): results

@ Approach A: proposed strategy

@ Approach B: full approach based on Line Sampling and Latin
Hypercube Sampling (LHS)

Approach A Approach B (LHS)
P Ns PF Ns

[1.410-1°, 0.43] 252 [3.21076, 8.41072] 21 x 106
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Six-level building

imprecision in distribution parameters

@ 244 State Variables, 8200 elements,
66300 degrees of freedom

@ Columns’ depth and breadth are the
interval [0.36, 0.44]m

@ Performance function:
9(0) = |0/(0) —oy(8)] /2 — oy,
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@ 244 State Variables, 8200 elements,
66300 degrees of freedom

@ Columns’ depth and breadth are the
interval [0.36, 0.44]m

@ Performance function:
9(0) = |0/(0) —oy(8)] /2 — oy,

M. de Angelis, et al. 26! May 2014 26 /30



Six-level building
imprecision in distribution parameters

@ 244 State Variables, 8200 elements,
66300 degrees of freedom

@ Columns’ depth and breadth are the
interval [0.36, 0.44]m

@ Performance function:

o/(0) —om(8)| /2 -

9(6) =

performance values

3 32 34 36 38 4 42 44 46 48
distance from hyperplane
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Six-level building

imprecision in distribution parameters

@ 244 State Variables, 8200 elements,
66300 degrees of freedom

@ Columns’ depth and breadth are the
interval [0.36, 0.44]m

@ Performance function:
9(0) = |0)(0) —om(0)| /2 — oy,

x10’

Objectives:

@ Investigate sensitivity of failure
probabilities against imprecision

@ |dentify the worst case scenario

performance values

@ Robust realibility analysis

3 32 34 36 38 4 42 44 46 48
distance from hyperplane
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Large scale finite element model

Uncertainty set M =C U By

c{ho(¢:p) |PER'™, peBe}, By=x[x,

SV Probability dist. Distribution  Description Units
1 N(0.1, 107%) Normal Column’s strength  GPa
2-193 Unif(0.36, 0.44) Uniform Sections size m

194 — 212 LN(35.0, 12.25) Lognormal Young’s modulus  GPa

213 —231 LN(2.5, 6.25 1072?) Lognormal  Material's density ~ kg/dm?
232 — 244 LN(0.25, 6.25 10*) Lognormal  Poisson’s ratio -

M. de Angelis, et al. 26th May 2014 27 /30



Large scale finite element model

Uncertainty set M = C U By

c{hp(C:p) IPER™, peBe}, B= X[,

Sv Uncertainties type P=pc[1—¢ 14¢, Xx=[x, X]
1 distrioution  N(z, @°)  pe = 0.1 o¢ = 0.01
2—-193 interval X x =0.36 x =0.44

194 — 212 distribution LN(m, v) m.=35 ve = 12.25
213 — 231 distribution LN(m, v) m.=25 Ve =6.25 1072
232 — 244 distribution LN(m, v) m;=0.25 v,=6.25 10~
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Large scale finite element model

Results

Lower Bound Upper Bound

€ Pe CoV Pr CoV Ns
0.000 4701077 1021072 6.7310°% 1151072 259
0.010 2281077 1341072 9.71107® 1221072 247
0.015 1.1010~7 1031072 1.111072 761072 255
0.020 5.1910°% 13.11072 2081072 1461072 255
0.025 251107 9971072 2721072 1531072 249
0.030 1.4010°% 9941072 321102 651072 254
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Large scale finite element model

Results

o
09) /

0.8 .| 0.8
0.7 0.7 /

Los6 £=0.025 £ o]

4 4

2 @

o5 0.5] Bos

: 5 /

£ £ /

[}
04 £=0.05 04
0 / \
0.2 E=0.075 0.2]
0.1

/:“:0,03 \ o

P (1'-6) P, pu(1+€) 10" 10 10° 107° 10" 107 107 10”
S c c

M. de Angelis, et al. 26t May 2014  28/30



Outline

e Conclusions
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Final remarks
@ A strategy to propagate epistemic uncertainty with the failure

probability was proposed

@ Bounded and Credal sets are formulated as a sound way to
account for epistemic uncertainty in a parametric sense

@ With the proposed numerical strategy, uncertainty propagation’s
efficiency can be significantly increased

@ When the underlying model displays monotonic, time of the
analysis is comparable to a single Monte Carlo

@ The strategy is generally applicable so far as the model displays
a single failure mode

@ The solution strategy is integrated in the general purpose

software Open Cossan
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