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Introduction

" Uncertainties affecting both structural parameters and external loads need to
be included in structural reliability assessment to obtain credible estimates of

failure probability.

" However, while the numerous available data permit to model with good
accuracy the excitations as stochastic processes, unfortunately the data about
the structural parameters are frequently quite limited.

" The credibility of probabilistic reliability methods relies on the availability of
sufficient data to describe accurately the probabilistic distribution of the
uncertain variables, especially in the tails. Indeed, reliability estimates are very
sensitive to small variations of the assumed probabilistic models.

= [f available information is fragmentary or incomplete, non-probabilistic
approaches, such as convex models, fuzzy set theory or interval models (Ben-
Haim Elishakott, 1995; Elishakoff, Ohsaki, 2010), can be alternatively applied

for handling structural uncertainties.

® Non-probabilistic methods are complementary rather than competitive to
probabilistic methods (Moens, Vandepitte, 2005). )



Reliability for stochastic excitations

" Studies on reliability analysis of randomly excited structures have been
carried out mainly introducing the extreme value process.

X (T )=max{ X (1) }

0<t<T

X (k)(t) A

" The probability of failure coincides =] i i v
with the first passage probability, 1.e. the
probability that the extreme value random
process firstly exceeds the safety bounds
within the time interval [0,T].

" The reliability function represents the probability that the extreme value
process 1s equal to or less than the barrier level B within the time interval [0, 7]

L, (b,T)=P(T,B)=P||X(1)|<B;0<t<T |=P[X

max max

(T)<B]
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Reliability for stochastic excitations

" Studies on reliability analysis of randomly excited structures with
deterministic properties have shown that the reliability function, for zero-
mean (Gaussian exciting process can be expressed as (Vanmarke, 1975):

L, (B,T)=P| X, (T)<b|=P,,(b) exp[-T 7, (b) ]

| X“(t) |4

max

Pox (0) =P[X,, (0) < b]

denotes the initial probability, X 0.(T)

that 1s the probability of not
exceeding the deterministic Xrp
level 4 at time /=0
) - [T p T FLGT)
1 o, b’ 1 |4 b’ T
n, (b)y=——exp| — = 2% exp| — Ay x :2j @' Gy (w)do
2T oy 20, ) 27w\ A 2 [0« 0
’ ’ spectral moments
is the so-called hazard function (or limiting decay rate). (Vanmarke, 1972)
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Interval Reliability

" The present contribution deals with the reliability evaluation of linear
structural systems with uncertain-but-bounded parameters subjected to
stationary Gaussian random excitation.

" Interval reliability evaluation involves zero- and second-order spectral
moments of a selected stationary response process: the underlying idea is to
derive the interval spectral moments of the stochastic response process and
the corresponding interval reliability function in approximate closed-form.

" The proposed approach relies on:

¢ the use of Interval Rational Series Expansion (IRSE) in conjunction with
the improved interval analysis to obtain an analytical approximation of the
interval reliability function.

¢ the derivation of interval reliability sensitivities with respect to the uncertain
parameters by direct differentiation.

¢ the use of first-order interval Taylor series expansion to obtain estimates of
the upper and lower bounds of the interval reliability.
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Classical Interval Analysis (CIA)

d An interval number represents a range of possible values within a closed set:
X' =[x]£[x, X]={Xx<x<X, xeR}
AX AX midpoint: X, = (X + X)/2,

»

0 X X, X X deviation: AX = (7—5)/2.

Q Basic interval operations: let X', y'and z' be interval numbers (Moore, 1966)
Xy =[xy, XY ] X xy' =] min(xy, Xy, Xy, Xy ), max(xy, X7, %, %) ;
XI —yl :[5—7, Y—X:I, XI /yl :[K, Y]X':l/y, I/X:| if 0¢ yl.
 Properties of interval arithmetic:
» Commutative law: X' + y' = y' +X'; X' x yI = yI x X'

» Associative law : (X +y')iz' =X +(y iZ'); (x'xy')xz' =X'><(y'><z')

----------------------------------------------------------------



Dependency phenomenon

= In the classical interval analysis, the accuracy of the results is affected by the so-
called dependency phenomenon arising when different occurrences of a single
interval variable 1n an expression are treated as independent variables.

e Forexample:f(x')=x"—x'; x'=[1,2] == f(x')=[1-2,2-1]=[-11]#0
f(xH)=x'(1-1) == fx')=0

= The dependency phenomenon often leads to an overestimation of the
interval width.

“Reducing the overstimation is a crucial issue to a successful interval analysis”
(Muhanna & Mullen, 2001)

To Iimit effects of the dependency phenomenon

= Affine Arithmetic (AA) (Comba & Stolf1,1993; Stolti & De Figueiredo, 2003)
" Parameterized Interval Analysis (PIA) ( Elishakoff & Miglis, 2012)
* Improved Interval Analysis (IIA) ( Muscolino & Sof1, 2012)



Improved Interval analysis (IIA)

" In Affine Arithmetic (AA) an interval variable X' is represented by an affine form X'

which is a first-degree polynomial:
X central value '

R =X +XE +X g +X &+

x : partial deviations

Each intermediate result is represented by a linear g —[—1,1]: noise Symbols
function with a small remainder interval. T

" The Improved Interval Analysis (IIA) is based on the definition of the Extra
Unitary Interval (EUI) ¢

TE[1] = e-8-0; @xg-[ul &/8-1] [0 -aae

EUI enables to treat variables with multiple occurrence as dependent ones

“Improved R R R R
Interval Analysis” Xi eiI T yi eiI — (Xi * yi )eiI ) Xi eiI X yi i =X yl ( )2 — Xi yi [191]




Interval Analysis: an example

= The accuracy of the results obtained by the Classical Interval Analysis (CIA) | the
Affine Arithmetic (AA) and the Improved Interval Analysis  (IIA) is demonstrated
through appropriate comparisons with the Exact solution.

" For instance, let us consider the multiplication of two interval functions:

169

121
120

110

100

z' =x'xy' :(10+a' +b')><(10—a' +c)

a' :[—2,+2]; b' =[-1,+1]; :[_1,+1]

e

CIA
7! (a, b! ,0) \l Exact A AA 149,169]
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Interval Rational Series Expansion (IRSE)

0 Interval equilibrium equations in Statics: (K(a' )) u(a')=f

O Truss structures ' = Aa é)'(

The rank-r change in the stiffness matrix expressed

K(oc) =K, + ZAai éilvi ViT
i1

as the superposition of » rank-one matrices:

 Solution of interval equilibrium equations

u(oc'):(K(oc'))_lf; a =Aaé = u(a'):{KO+Zr:Aaiéi'Vi v/ } f

d Neumann Series Expansion

S

r -1 o .
K(a)_l = {KO + ;Aai éiIVi ViT:| = KSI + Z_;(_l)s {KOIZA% éiIVi ViT} K(_)1

Since this expansion converges very slowly to the exact solution, the so-called
Interval Rational Series Expansion (IRSE), which gives an approximate

explicit expression of the inverse of the interval stiffness matrix, has been
recently proposed (Muscolino, Santoro & Sofi 2012) 11



Interval Rational Series Expansion (IRSE)

d 7/RSE formula to solve interval equilibrium equations

" The [RSE formula can be used to evaluate the inverse of the interval

stiffness matrix. In the case of truss structures, the IRSE yields:

" A€ Aae Aae

-1
! - r N T| _ye-l_ i & N
(K () {K“;Miei i } o ZHAaiéi'd DY) I+Aa,6'd % D

i=1 i=1 j=1
J#i

i G Tygr-1 .
jkDIk+ id = Vi KOV

AaeAaeAakkd d
1+Ac, 6,d,

2

________________________________

= If ‘A ai‘ <1, the approximate inverse of the interval stiffness matrix can be
evaluated by retaining only the first two terms (Impollonia-Muscolino, 2011):

-1
1 r A B r Aai éil
(Kl(a)) :|:KO+§AaieiIVi ViTj| zKOI_Zl+Aaiéildi D,

=1

The previous formula allows to obtain explicit solutions for the response

It holds if and only if the following conditions are satisfied : | d|<l; s=1, J,k,-
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Problem formulation

" Equations of motion of a #»-DOF linear structure with uncertain-but-bounded
parameters subjected to a stationary multi-correlated Gaussian stochastic process:

M, U(a,t)+C(a)U(a,t) + K(a)U(a,,t) = F(t), aca' =[a,a]

" aeR"is the vector collecting the symmetric fluctuations of the uncertain
parameters, @, =Aa, €', (i =1,...,I’); é! :[—1,1]
" C(a)=c,M, +cK(a) 1isthe Rayleich model of the interval damping matrix.

= F(t) =, + Xp(t) is fully characterized by the mean-value up and PSD GXF X, (@)

" Following the interval formalism, the stiffness and damping matrices can be
expressed as linear functions of the uncertain physical properties:

K(a)=K, +21:KiAai &', aeca => C(a)=C, +C1Zr:Ki A, €', aea
i= i=1

0
K, :K(OLO); K; =—K(a) ;. Cy=c M, +CcK,

|
oa, oma, ”



Frequency domain stochastic analysis

" Due to the linearity of the system, the stationary (Gaussian stochastic response
process U(a,t) is characterized from a probabilistic point of view by the definition of
the mean-value vector Wy(@) and the Power Spectral Density (PSD) function
matrix Gy (@, @), following a frequency domain analysis approach.

" The interval response mean-value, where the input has mean value p; =E(f(1)),
can be determined once the inverse of the interval stiffness matrixis evaluated, that

1S:

py(@)=E(U(e,t)) =K (@)p,, aca' =[a.d].

" The interval response PSD function matrix can be determined by

Gyy(0,0)=H (a,0) Gy ;. (0H "(0,0), aca' =[0,a]

requiring the evaluation of the interval frequency response function (FRF) matrix
given by:
-1 -
H(o,0)=| H)(0)+P(a,0) | =[I,+H (0)P(a,0)] H,(»), aca' =[0,a].

@—af M0+ja)C0+KOT P(a,w) :(1+ja) CJZ@
i=1

15




Explicit interval mean-value response vector

® The starting point to derive the JRSE'is the decomposition of the nx nmatrix I(i as
sum of rank-one matrices:

K' :K0+Zr:KiAai &l = +ZV,VTA05 é

" Retaining only first-order terms, the ZRSE yields the following approximate
explicit expression of the inverse of the interval stiffness mattix :

(K') ~ K, _i AOli éil di :ViTKalv
" S l+Agéld | D =K;'vv K

" By applying the ZRSE in conjunction with the improved interval analysis via
EUI the 3pp1‘0x1m3te interval mean- Value response vector can be expressed as:




Explicit interval FRF matrix

®* Upon substitution of the decomposition K; =V, V|, the interval FRF matrix of the
structural system with interval parameters takes the following form:

i -1
H'(0) = {HBI(CO) +p(@)) vivi Aoy € }
with p(@)=(1+ jex,). =
" Then, by applying the ZRSE truncated to first-order terms, an approximate explicit
expression of the interval FRF matrix is obtained as:

H' ()~ Hy(0)- 3 —P@A%E g ) B(@=VH,(@)V;;
O T HP@Ao & (@) EBi(w):Ho(w)Vi v, Hy(w).

" Alternatively, by applymg the 1mpr0ved interval analysis via E UI:

@: H (o) + Zr: a,; (@) B;(®) H, (o) = i Ag, (0))@
[p@sa [b@

1-[ P(@)Aab, (@)] 1-[ p(@)aab, (@] 17

p(w)Ag;

with QA (w) =



Explicit Interval PSD matrix

" Substituting the interval transfer function matrix, the interval PSD function matrix

of the structural response can be expressed as :

:Gyy(0,0) = Gyy(w)=H (0,0)Gyg ; (0)H ' (a, a))

= mid {G (@, @)} +dev {GUU(a, o)}

Where :Illllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll:

mid{Gy, (@)} =H,,,(0,0) Gy ; (0)H},(a,m);

mid mid

dev (Gl (@)} = Hyy(0,0) Gy 5 (@) (Hi, (@) +(H, (@) Gy g (@) H]y(0,0)

" Finally, approximate analytical expressions of the interval spectral moments of
order £ of the random response, useful for structural reliability, can be computed as:

X¢ Xy

where mid{kf,UU}ZZTa)gmid{G{JU(a))}da); deV{Kf,UU}ZZTa)KdeV{(A}{JU(a))}da).
0 0

» It is worth to emphasize that explicit relationships between the interval statistics of
the displacement vector U(a,t)and the radius Ae; of input parameters, useful for the
analytical evaluation of the corresponding interval sensitivities, have been provided. 18
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Interval Reliability Function

" For a structure with uncertain-but-bounded parameters, the extreme value random
process, over a specified time interval [0,T], is mathematically defined as:

U(a,t), aca' =[a,a]

U (@.) = max

* The cumulative distribution function (CDF) |, (a,b(a),T) of the extreme value
random process is called the reliability function . It represents the probability that
U,..(0,T) is equal to or less than the batrier 6((1) =b—p, (o) within the time interval

[0,T] and is commonly expressed as (Vanmarcke, 1975):

L, (0.b(@), T)=7|U,, (a,T)<b(a) |= P, (a.b(@)) exp| T 13, (0,b(0)) |, aca' =[a,a]

max

Hazard function

P, (0,b(e)) =AU, (,0) <b(a)]

b’ (a)

1 (a, 6(0‘)) = vy (@)exp {_2/1—@!)

" By applying the classical Rice’s formula:

20



Explicit Interval Spectral Moments

" By applying the classical Rice’s formula and denoting with X__ (a',T) the largest

dimensionless extreme process, the interval reliability can be expressed as:

dimensionless interval barrier @ (b — 1, (o ))/ Aoy (a')

Ly (aaﬁo,x (o), T ) = P[Xmax(aﬂT) < Pox (‘1)]

| N /Boz,x () I -
: (aI,T):Ummzexpl}T VR(Q)CXP(_ 5 H, ogca =[a,al
max ’ZW

dimensionless interval

mean up-crossing rate

at level ty(a')>0

peak factor process

Zero and second-order interval spectral moments

Ay (@) =05 (0)=2[ Gy (0,0)dw; 4, (a') = 0] (a') ==2[ & G} (@, ) d
0 0

21



Explicit Interval Reliability Sensitivity

" The interval reliability sensitivity can be derived analytically by
differentiating LIX with tespect to the deviation amplitude A¢@; of the i-#

max

uncertain parameter:

SI (IB(O) T): alemax (a’lBO,U (a)aT)
LX ol 0y ? A
I Aa=0
2 200
-co s AT <[ (a0 1], e s
A 2U A

Interval sensitivit ..l
Y Interval sensitivities of the zero -and
of the mean-value
second -order spectral moments

. o [J e [J e I I

in terms of interval sensitivities of the mean-value S, ; , zero-order S, i and
| , ,

second -order S, spectral moments.

> Since explicit relationships between interval statistics of the response and
interval parameters have been determined, interval sensitivities can be evaluated

analytically by direct differentiation with respect to the uncertain parameters.
22



Bounds of the interval reliability function

" Evaluation of an analytical approximation of the interval reliability function of the
peak factor, along with its sensitivities, allows to estimate its bounds.

" To this aim, Ly ( Bou ,T) can be approximated by applying the first-order interval
Taylor series expansion:

L (B T) =10 (A0.T)+ 28t (A0.T) A

N /B(SOL] ,T ) + ZASLXmaX J (,B(S(B s T) Aai éil deviation
! amplitude

nominal or midpoint CDF with 0) rd 0) N
. . g s e ﬂo,u:T) (:Bo,u»T)ei
1-th peak factor reliability sensitivity

" By applying the improved interval analysis via EUI, the Lower Bound and the
Upper Boundof L ( By ,T) can be evaluated as follows:

E'_—xmax (a, éﬁ,T): L@?i( S%T)—i As, (ﬁéou)T) A“i;é

i=1

e A 23



Bounds of the interval reliability function

" The knowledge of the bounds of the interval reliability function of the peak
factor allows to evaluate the parameters of the interval response process needed

to guarantee the desired safety level.
|

1.6

0.5 0.8

b) 2 4 i

a) 2
Sketch of: 2) UB and LB of the peak factor CDF and b) PDFs of the UB and LB of the peak factor CDF.

= p. (PeT) denotes the interval fractile of the peak factor of order p and can be
evaluated as solution of the following nonlinear interval equation:

p=L, (0 (PaT).T) 5
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Numerical Application

= 24-bar truss structure subjected to turbulent wind loads in the x-direction
with uncertain-but-bounded Young’s moduli of the diagonal bars (=9)

L L
o 1w "F(z.D=F5+F(z,0)
D,
= %pCDij + pC, AW (z,,t)w,, (i=1,4,7)
®
TV6 . . ~
® NJ—. ™ Wind velocity W (z,t) =w,(2) +W (z,t)
6] Ys

17 WS(Z) = Ws,lO (Z/lo)y Mean value

@) )Tﬁ W (z,1) Fluctuating component modelled as

37 Uz a zero-mean stationary Gaussian
random field
7 G, (@) =4K W’ Z (Davenport)
Wiy (D) = 077,10 2\4/3 p
a)(1+ X )

E' =E,(1+Aqg'), (i=16,17,..,24) with E, =2.1x10"kN/m" and Ae; =Aa

A=A =5x10" m’ (i=1,2,..,24); L=3m; M=500kg; c,=3.517897s" and ¢,=0.000547s
26



Numerical Results/1

* Comparison between the proposed and exact reliability functions of the peak
factor processes X, (a',T) and X, _(a',T) of the horizontal displacements of nodes
1 and 7 of the truss structure (T=1000T,) setting the interval Young moduli of the
diagonal bars at their upper bounds.

L ( o ,T) 0)
X \ P00, Ly, (8,.T)
X - —
————————— Nominal lIOT—-—-—-—-—NominaI = 22y
Exact (&' =1Vi ' ) i
0.8 @ ) ol Exact (' =1Vi)

=== =mmnProposed (& =1Vi)

‘wm=s=ssProposed (6 =1Vi)

0.6 06!

0.4 0.4

0.2 Aa =0.1

0.2}

0.0 - | :
3. 3.5 ; ‘ ; Hreseesss. = S HENNINEE
20 >3 0 © i - a0 2.0 2.5 3.0 3.5 4.0 45 5.0
(0)
0,U, )

E =E,(1+Aci) (i=16,17,...,24)
27



Numerical Results/2

= Comparison between the exact and proposed UB and LB of reliability functions
of the peak factor processes X max (al ,T) and Xy (al ,T) of the horizontal
displacements of nodes 1 and 7 of the truss structure with interval Young’s moduli of

the diagonal bars.

L (A9.T) L, (49,.T)
1.0

_________ Nomlnal _""—'_'—Nominal

Exact Exact

0.8

------- Proposed === =mnn Proposed

0.6

uB uB

0.4 0.4

0.2 0.2

Aa =0.025 Aa =0.025

0.0 0.0
2 3 4 5 6 2 3 4 5 6

(0) (0)
0,u

E' =E,(1+Aad) ), (i=16,17,...,24)

Aa, =Aa=0.025|; T =1000T,
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Numerical Results/3

* Comparison between the exact and proposed UB and LB of reliability functions
of the peak factor processes X max (al ,T) and X (al ,T) of the horizontal
displacements of nodes 1 and 7 of the truss structure with interval Young’s moduli of

the diagonal bars.

L (89.T) ... (855,:7)
1.0

_________ Nominal --=------Nominal

Exact

Exact
0.8

------- Proposed === mmnn Proposed

o UB

UB

0.4 0.4
LB
B
0.2 0.2
Aa=0.05 | Aa =0.05
0.0 - . - . . . ) . i U'U
2 3 5 6 2 3 5 6

(0) (0)
0,U,

E' =E,(1+Aad) ), (i=16,17,...,24)

Aa, =Aa=0.05 |; T =1000T,

29



Numerical Results/4: sensitivity analysis

* The proposed approximate closed-form expression of the peak factor interval
reliability sensitivity S._, (ﬁé‘ﬂT) is applied to investigate the rate of change in the
interval CDF due to changes in the structural parameters. To identify the most influential
uncertain parameters, a percentage measure of the influence of the generic interval
variable on the CDF of the selected peak factor process can be defined by introducing a
function of sensitivity :

as, (AT
L (89.7)

P, (ﬂéf?,T)(%) = Ag; x100

Piy,. (ﬂé,.gl =T)(%) PiLse (ﬁé,olJ)7 ’T)(%)
25




Numerical Results/5

* Comparison between the exact and proposed UB and LB of reliability functions
of the peak factor processes X max (al ,T)
displacements of nodes 1 and 7 of the truss structure with interval Young’s moduli of

and X7max ((x'l :T)

of the horizontal

the diagonal bars, neglecting terms associated to the least influential parameters in the
first-order Taylor series expansion based on the results of the reliability sensitivity

analysis.

lelmax (ﬂéf& ’T)

1.0

0.8

0.6

0.4

0.2

N ] TS Sty

E'=E

LI

Exact

smsmmmnm Proposed
Aa; =0,i=17,18,19,21,22,24 |

- — 10|
0,85
'. 0,6:—
0.4;

| 0.2}

(0)
X7max (ﬂ07U7T)

3 4
(0)
0,U,

N ——

Aa =0.05
_ P — N (|
4 5 6
Bt
o(1+Acé' ), (1=16,20,23)
Aa, = Aa=0.05

;T =1000T,

Exact

smsmmunm Proposed
Aa,=0,i=16,18,19,22,24

Aa =0.05

5 6

E' =E,(1+Aq§' ). (i=16,17,20,21)
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Conclusions

" An analytical approach to evaluate the reliability function for structures with
uncertain-but-bounded parameters subjected to stationary Gaussian random excitation

has been proposed.

" The interval reliability function has been evaluated in approximate closed-form by
applying the Interval Rational Series Expansion in conjunction with the improved
interval analysis, recently developed by the authors.

" The Interval Rational Series Expansion provides an approximate explicit
expression of the inverse of an interval matrix with modifications. The improved
interval analysis allows to limit the overestimation of the interval solution width due
to the dependency phenomenon occurring in classical interval analysis.

® Remarkable features of the proposed approach are: 7) the capability of handling a
large number of uncertainties and evaluate analytically the interval reliability function;
1) the possibility of providing very accurate explicit estimates of the bounds of the
interval reliability in the framework of the first-order interval Taylor series
expansion.

" A wind-excited truss structure with interval axial stiffness of the diagonal bars has
been analyzed. Appropriate comparisons with the exact reliability bounds obtained by

the vertex method have demonstrated the accuracy of the proposed procedure. 3



