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REC - Reliable Engineering Computing

¸A provocating introductory comment -

Is Engineering computing reliable?

Why do many regulatory agencies now 

require multiple analyses?

Can we make multiple analyses reliability-

based ïwith few additional analyses? 



Reasons for multiple analyses

üMathematical formulation itself is error prone

üIt is based on many assumptions 

üIt is difficult to satisfy the underlying physics in most 

cases to track load path to failure. 

üFor large infrastructures, the mathematical 

formulations are extremely challenging. 

üIt is extremely difficult if not impossible to match 

computational predictions with experimental 

observations even for relatively simple structures. 



Reasons for multiple analyses (cont)

I̧f one ignores the uncertaintyin the mathematical

formulations
ü estimationof parametersto define the model is subject

to variouslevelsof uncertainty.

ü If the responsebehavior is measured,it adds another

layerof uncertainty.

ü Even very sophisticatedsmart sensorsare not totally

error-free and experiments themselves are not

completelyreproducible.



Instead of Multiple Analyses

¸Reliability-based analyses will be desirable

üDo we have mathematical tools for reliability-

based analyses

üCan we estimate reliability of large 

infrastructures

üIf simulation is used, can we obtain reliability in 

tens instead of thousands/millions of 

simulations 



Presentation - Outlines

¸Part 1

Stochastic Finite Element Method (SFEM)

¸Part 2

Improvements of SFEM

¸Part 3

Structural Health Assessment - sophisticated 

computation schemes need to be integrated with 

noise-contaminated limited measured response 

information 



Challenges

ÅInput uncertainties

ÅPropagating these uncertainties through

very large computational models

ÅObtaining reliable probabilistic response

characteristics/metrics/statistics

ÅValidating these models using limited data



Desirable Features

ÅThe reliability evaluation methods

should be robust and not problem-

specific

ÅThe deterministic community who

makes the final engineering decision

must accept the results



Motivation

ÅSafety evaluation using realistic behavior of

structures and loadings.

ÅNeed for efficient & accurate reliability

analysis method of nonlinear structures,

similar to deterministic community.

ÅFinite element formulation is very desirable;

deterministic community is very familiar with

it and uses it routinely.







Realistic Performance Evaluation

ÅThree Sources of Uncertainty

ÁResistance-related variables

ÅEnvironmental

ÁLoad-related variables

ÅStructural

ÁStructural geometry

ÁMaterial properties

ÁBoundary conditions



Realistic Performance Evaluation

ÅModeling

ÁFixed

ÁPinned

ÁRoller

ÁSupport conditions

Supports are partially fixed with different rigidities .

ÅConnectionconditions

ÁFully restrained (FR)

ÁPartially restrained (PR)

Different assumptionshavesignificant designimplications.



Reliability Analysis Methods

üExplicit Limit State

üImplicit Limit States



Reliability Analysis Method

üExplicit Limit State

üImplicit Limit State

ÅBasedon SafetyIndex concept

ÅBasedon probability of failure concept

1.Mean value first -order second-moment (MVFOSM) method.

2.Hasofer-Lind ñGeneralizedsafetyindexòmethod.

3.First -order reliability method(FORM).

4.Second-order reliability method(SORM).

1.Distribution -fitting method.

2.Monte Carlo simulation (MCS).

1.Monte Carlo simulation (MCS).

2.StochasticFinite ElementMethod (SFEM).



1. Approximation of the limit state function method 

ÅSecond order polynomial approximation in the

neighborhood of the design point (Wu, Wu and

Wirsching; they did not demonstrateits usefor the FEM

formulation)

ÅResponsesurfacemethod

ÅPolynomial approximation to the limit state (Wu,

Burnside, Dominquez)

Reliability Analysis Method



2. Perturbation methods

ÅFirst or SecondOrder Taylor Series

ÅNeumannExpansion

ÅKarhunen-LoeveOrthogonal Expansion

ÅPolynomial Chaos

3. Reliability Approach

ÅLimit stateconceptïFORM/SORM approach

üEfficient deterministic FEM is necessaryfor efficient algorithm

üThesemethodsgenerallydo not needthe information on distribution

üAcceptable results are generally obtained for small random

fluctuations

Reliability Analysis Method



Basic Steps in FORM

Limit state: G(X1, X2, é. Xn) = 0

3. Calculate the unit vector

1. Transform variables X into the standard normal spaceY so that the

elementsof Y are statistically independent,standard normal variables.

2. Choose a checking point yi.  Use FEM to obtain G(yi) and

4. Find the next checkingpoint yi+1 =

5. Repeat Steps2, 3, and 4 until the point y* is obtained, at which the

probability density in the standard normal spaceis the largest (design

point).

6. Obtain the reliability index                   and estimate the failure  b= y y
t

probability using the approximate linear failure surface

ÐG y ibg
ai

G

G
=-
Ð

Ð

y

y

i

i

bg
bg

y
y

y

i

i

i

t a ai i

G

G
+
Ð

Ð

F
HG

I
KJ

bg
bg

Pf = -f bb g



Limit State Concept - FORM
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FORM in the context of SFEM

1. Define limit stateas 0),,( =suxG

Xïa set of basic random variables pertaining to a structure (e.g., loads,

material properties and structural geometry)

u ïa setof displacementsin the limit statefunction

sïa setof load effects(exceptthe displacements,suchasinternal forces)

üThe displacementu = QD, where D is the global displacementvector

and Q is a transformation matrix

To implement the algorithm and assumingthe limit stateequationhasa generalform of

, the gradient of the limit statefunction in the standard normal space

canbederived as
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FORM in the context of SFEM

üThe essential numerical aspects of SFEM were just

discussedin the evaluationof the three partial derivativesand

four Jacobiansin the aboveequation. The evaluation of these

quantities will depend on the problem under consideration

(linear or nonlinear, 2D or 3D, etc.) and the performance

functions used.



Performance Functions

1. Serviceability Limit State

ÁOverall lateral displacementof the structure

ÁCode-specifiedallowablevalue

üFor the serviceability criterion, the limit statefunction is representedas

itlim

.),,(g
d

d
-= 01sux

Where     is the calculated displacement component and            is the 

prescribed  maximum value of the displacement component.

d dlim it



Performance Functions

2.Strength Limit State

ÁBehavior of local structural elements

ÁCombined effectof axial load and bendingmoment

ÁDynamic effect in interaction equation

According to the American Institute of SteelConstructionôs

(AISCôs)Load and ResistanceFactor Design(LRFD) design

guidelines, the strength performance criteria for 2-D steel

frame memberscanbedefinedas



Performance Functions
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Post-Northridge Connections

¸Observing fractures in steel connection, the 

engineering community wanted to make them 

more flexible. 















Unloading and Reloading

Post-Northridge Connections

Masing Rule



Two-story Steel Frame Structure and 

Earthquake Time History
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. Statistical Description of Random Variables (b: beam, c: column)

Random 

Variable

Mean Value Serviceability StrengthLimit State

Test 18 Test 20 Test 22 Test 24 Test 26

Node at c Beam  (e-f) Column (f-h)

COV Dist. COV Dist. COV Dist.

E (kN/m2) 1.999× 108 1.999× 108 1.999× 108 1.999× 108 1.999× 108 0.06 LN 0.06 LN 0.06 LN

Ab (m2) 2.684× 10-2 1.787× 10-2 5.697× 10-2 1.787× 10-2 3.226× 10-2 0.05 LN - - -

Ib
x (m4) 3.101× 10-3 1.361× 10-3 8.449× 10-3 1.124× 10-3 4.370× 10-3 0.05 LN 0.05 LN 0.05 LN

Zb
x (m3) 8.423× 10-3 4.556× 10-3 2.065× 10-2 4.162× 10-3 1.095× 10-2 - - 0.05 LN - -

Ac (m2) 5.374× 10-2 3.342× 10-2 5.897× 10-2 2.510× 10-2 4.452× 10-2 0.05 LN - - -

Ic
x (m4) 1.598× 10-3 8.907× 10-3 1.802× 10-3 2.402× 10-3 4.870× 10-3 0.05 LN 0.05 LN 0.05 LN

Zc
x (m3) 8.882× 10-3 5.244× 10-3 9.881× 10-3 7.161× 10-3 1.385× 10-2 - - - - 0.05 LN

Fy (kN/m2) 3.447× 105 3.447× 105 3.447× 105 3.447× 105 3.447× 105 - - 0.10 LN 0.10 LN

x 0.05 0.05 0.05 0.05 0.05 0.15 LN 0.15 LN 0.15 LN

ge 2.00 1.50 2.00 1.50 2.00 0.20 Type I 0.20 Type I 0.20 Type I



Statistical Description of the Four Parameters in the Richard 

Model



Reliability Analysis Result for Test #24



N - S Component

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0 5 10 15

Time (sec)

A
c
c
e
le

ra
ti

o
n
(g

)

Limit States

(1)

Serviceabi

lity

(2)

Strength Limit State

(3)

dallowable = 

h/400

Column, 

Cd

Girder, G d

Reliability 

Index, b
-7.51 -1.39 -1.08

Pf (Ps)
1.000000  

(3.08³10-14)

0.917936  

(0.082064)

0.858837  

(0.141163)
Thirteen-Story Steel Frame 

Structure

Northridge Earthquake Time History for 15 seconds 

(N-S)

Results of Reliability Analysis forExample 2



Steel Frame with shear walls
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Steel Frame with shear walls

Figure 1. Numerical model
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Material Properties

Frame Member Area (cm2) I (cm4) Section Size

Beam 113.6 40957 W18x60

Column 76.1 12903 W12x40

Walls Ecr (Mpa) n Assume Ec = 0.4Ec

8.55E03 0.17



TABLE 4.  Basic Random Variables
Items Variables Nominal 

Value

Mean/Nomina

l

C.O.V Distribution Comment

Frame E (Mpa) 2.0E05 1.0 0.06 Log-normal -

Ab (cm2) 113.6 1.0 0.05 Log-normal Beam

W18x60
I b (cm4) 40957 1.0 0.05 Log-normal

Zx
b (cm3) 2015 1.0 0.05 Log-normal

Ac (cm2) 76.1 1.0 0.05 Log-normal Column

W12x40
I c (cm4) 12903 1.0 0.05 Log-normal

Zx
c (cm3) 942.3 1.0 0.05 Log-normal

Fy (Mpa) 248.21 1.05 0.1 Log-normal

Wall Ec (Mpa) 2.14E04 1.0 0.18 Log-normal fcô=20.68  

(Mpa)
n 0.17 1.0 0.10 Log-normal

Dynamic

Parameters

x 0.02 1.0 0.15 Lognormal Without shear 

walls
ge 1.0 1.0 0.2 Type I

x 0.05 1.0 0.15 Lognormal With     shear 

walls
ge 1.0 1.0 0.2 Type I

b: Beamand c: Column

x: Damping ratio

ge: Magnification factor for the amplitude of actual seismicacceleration



Results for a Frame Without and With Shear Walls

Schemes RSM Monte Carlo Simulation

Pf CPU

(s)

Pf CPU (s)

A frame without shear walls

Top drift    

(Node a)  

Scheme 4 0.9999 134 1.0 98459

A frame with shear walls

Top drift    

(Node a)  

Scheme 4 0.0057 202

0.0049 117832

Scheme 5 0.0094 295

Pf = probability of failure, CPU time is for SGI Origin 2000



Flexibility of Connections

M-qcurvesïLoading
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Unloading and Reloading

Post-Northridge Connections

Masing Rule



Northridge earthquake (N-S) time history
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Statistical description of the four parametersin the Richard model
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Random 

Variables

Mean Value
COV

Distribu

tionCurve 1 Curve 2 Curve 3

k (kN·m/rad) 1.13Ĭ106 1.47Ĭ105 5.65Ĭ104 0.15 Normal

kp (kN·m/rad) 1.13Ĭ105 1.13Ĭ104 1.13Ĭ103 0.15 Normal

M0 (kN·m) 508.64 452.12 339.09 0.15 Normal

N 0.50 1.00 1.5 0.05 Normal



Statistical description of random variables (b: beam, c: 

column)

Random 

Variables
Mean Value

Serviceability Limit 

State

Strength   Limit 

State

COV Dist. COV Dist.

E (kN/m2) 1.9994Ĭ108 0.06 LN 0.06 LN

Ab (m2) 1.600Ĭ10-2 0.05 LN - -

Ib
x (m4) 1.186Ĭ10-3 0.05 LN 0.05 LN

Zb
x (m3) 3.998Ĭ10-3 - - 0.05 LN

Ac (m2) 8.065Ĭ10-2 0.05 LN - -

I c
x (m4) 2.747Ĭ10-3 0.05 LN 0.05 LN

Fy (kN/m2) 2.4822Ĭ105 - - 0.10 LN

x 0.05 0.15 LN 0.15 LN

ge 1.00 0.20 Type I 0.20 Type I



Result of reliability analysis of example

Limit State
FR 

Connections

PR Connections

Curve 1 Curve 2 Curve 3

Serviceability 

Limit State
b= 1.920 b1 = 1.274 b2 = -0.008 b3 = -0.899

Strength Limit 

State
b= 3.944 b1 = 2.351 b2 = 2.558 b3 = 3.156



Part 2

¸Improvements of SFEM



Uncertainty Quantification Methods for 

Large-Scale Computational Models

¸Reduced Order Models (ROMs) 

¸Surrogate Models 

¸Bayesian Methods 

¸Stochastic Dimension Reduction Techniques 

¸Efficient Monte Carlo Methods (e.g. importance 

sampling), etc. 



Nonlinear Time Domain Dynamic 

Problems ïImplicit Limit States

¸Are different for each time increment

¸Are functions of time



Approximation of the limit state 

function 

ÅResponse surface method (RSM)

ÅSome variations of RSM to approximately

generate the limit state functions.



Direct Monte Carlo Simulation (MCS)

Å1 deterministic analysis of large systems

may take over 10 hours.

ÅFor 10,000 runs, it will take about 100,000

hours, over 11.4 years of continuous run of a

computer .
ÅMay not be realistic. We need to find a

method which will give us reliability

information may be in tens or hundreds of

runs ï simulations may not be the best

alternative.



Layout and soil strata of MD3 and MD4, 

Damietta harbor, Egypt
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üResponse Surface Method (RSM)

ÅClassical RSM cannot be used for large

structural systems

ÅNeeds to be modified

ÅNeeds to be incorporated with other

schemes

ÅA hybrid type of method is necessary for the

dynamic reliability analysis in time domain



Classical RSM

¸For its efficient use, needs to be generated 

in the failure region

¸Also, it fails to incorporate information on 

distribution even when it is available

¸For large systems, it may not give the 

optimal sampling points.



A Unified Dynamic Reliability Analysis 

Algorithm

1. FEM -To evaluate dynamic response in

time domain

2. First/second-order reliability method

(FORM/SORM)

3. Response surface method (RSM)

4. Iterative linear interpolation scheme

5. Improved factorial scheme



Response Surface Method (RSM)

To obtain explicit limit state function

Åby approximating the original implicit limit

state by a simple polynomial in terms of

basic random variables

ÅImportant elements of RSM

3. Experimental region

1. Degree of polynomials

2. Experimental design



Degree of Polynomial

Nonlinear time domain seismic response

ÝSecond order polynomial without cross terms

ÝSecond order polynomial with cross terms
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Experimental Design

ÅClassical Design

ÁFactorial Design

oApplicable only for a full second order

opolynomial with cross terms

oNumber of sampling points = 2k+2k+1

oRegression analysis

oOrthogonality, rotatability, ANOVA

oAccurate but inefficient when k is

large

ÅCentral Composite Design (CCD)



Experimental Design

ÅSaturated Design (SD)

oApplicable for both types of polynomial

oNumber of sampling point = number of

coefficients in the polynomial

oEfficient for large k

oMay not cover sample space between axes

(relatively inaccurate)

oLacks statistical properties



Response Surface Models

Model 1 - SD using second order polynomial

without cross terms

Model 2 - SD using a full second order polynomial

Model 3 - CCD using a full second order

Four Schemes for the Proposed Algorithm

Schemes

(1)

Intermediate 

Iteration

(2)

Final Iteration

(3)

Scheme j Model (1)

Scheme k Model (3)

Schemel Model (1) Model (2)

Scheme m Model (1) Model (3)



Comparison of the Three Models

Model
Number of 

Coefficients
k

Number of Sample 

Points

Model 

(1)
p = 2k + 1

7 3 7

N = 2k +117 8 17

25 12 25

Model 

(2)

10 3 10

45 8 45

91 12 91

Model 

(3)

10 3 15

N = 2k + 2k +145 8 273

91 12 4142
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Improve Factorial Schemes

¸Scheme 0 - SD using 2nd order polynomial 

without the cross terms throughout all the 

iterations. 

¸Scheme 1- Equation 1 & SD for the 

intermediate iterations and Equation 2 & full SD 

for the final iteration.

¸Scheme 2 - Equation 1 & SD for the 

intermediate iterations and Equation 2 & CCD 

for the final iteration.



Improve Factorial Schemes

¸ Use of any scheme mentioned earlier 

is expected to extract reliability 

information in hundreds of simulations 

ïstill may not be practical. 

¸The basic concept  needs to be 

improved - narrow the experimental 

region.



Improve Factorial Schemes

¸Scheme M1: To improve the efficiency of Scheme 1, 

the cross terms (edge points), k (k-1), are suggested to be 

added only for the most important variables in the last 

iteration. 

k = 40 and m = 3. The total number of required FEM 

analyses will be 861 and 195, respectively.

¸Scheme M2: Instead of using full factorial plan in CCD, 

use other factorial plans. 

For quarter factorial plan, 2k+2k+1 and 2k-2+2k+1, i.e., 25 

and 13 for Scheme 2 and M2, respectively.



Iterative Steps

¸ the initial center point is assumed to be the mean values 
of the random variables for the first iteration.

¸Using nonlinear FEM, the responses are calculated at 
the experimental sampling points ïwithout or with cross 
terms

¸A limit state function (LSF) is thus generated in terms of 
k basic random variables.

¸Using the explicit expression for the (LSF) and FORM, 
b, the corresponding coordinates of the checking point, 
and direction cosines are obtained for each random 
variable.



Iterative Steps (cont.)

¸ The coordinate of the new center point is 

obtained by applying the linear interpolation 

scheme.

¸The updating of the center point continues until 

it converges to a predetermined tolerance level.

¸In the final iteration, the information on the most 

recent center point is used to formulate the final 

response surface using either saturated design 

with a full second order polynomial or CCD with 

a full second order polynomial.  







Statistical information on the design variables 

Random variables Dist. Nom. Mean COV

L
o

a
d

Lateral load, H, (t) EV-I 150 117 0.37

G
e

o
m

e
tr

y Radius, r, (m) Ln 0.95 0.95 0.10

Thickness, t, (cm) Ln 2.8 2.8 0.05

Length, L, (m) Deter. 117 --- ---

M
a

te
ri

a
ls Steel-modulus, Es (t/m2) Ln 2.01E7 2.01E7 0.06

Lateral sub grade reaction, 
K h (t/m2) Ln 150 172.5 0.21

Model coefficient of top 
drift, Ŭu

N 1.0 1.0 0.10



Efficiency and accuracy of schemes

Variables sensitivities b Pf k

U r Kh E t
1

First order 
polynomial

0.355 0.851 0.231 0.208 0.037 5.927 1.55Ĭ10-9 11

2
Scheme 0 0.439 0.756 0.331 0.244

-----
3.170 0.76Ĭ10-3 9

3
Scheme M1-1, U -0.672 0.136 -0.528 -0.339

-----
2.802 2.54Ĭ10-3 12

Scheme M1-2, U & r -0.785 0.091 -0.339 -0.304
-----

2.856 2.15Ĭ10-3 14

Scheme M1-3, U, r & 
kh

-0.787 0.091 -0.335 -0.300
-----

2.859 2.12Ĭ10-3 15

4
Scheme 2, 0.173 0.862 0.202 0.123

-----
2.685 3.63Ĭ10-3 25

5
Scheme M2, Quarter 0.181 0.782 0.329 -0.322

-----
2.087 18.5Ĭ10-3 13

Half 0.198 0.862 0.222 0.054
----

2.604 4.60Ĭ10-3 17
6

Monte Carlo 
(100,000)

2.948 1.71Ĭ10-3



Part 3

¸Structural Health Assessment -

sophisticated computation schemes need 

to be integrated with noise-contaminated 

measured response information  



A NEW EDITED BOOK, 2012



Health Assessment of Structures

ÁNatural agingprocess

ÁExcessiveuse

ÁOverloading

ÁLack of maintenance

ÁJust after a natural disaster, high wind, strong
earthquake,etc.



Issues need objective evaluations are:

ÁWhat should be done with a structure just after a
natural disasteror a man madeeventlike high impact?

ÁWhat is the extent of damage?

ÁIf it is not completely safe, how can the damaged
structure be brought up to current standards?

ÁWho shoulddecidewhether the structure is safeor not?

ÁHow to decide whether all the major defects are
identified?

ÁWhether the structure should be repaired or
demolished?

ÁAfter repair or rehabilitation, how to quantify the
improved behavior of the structure?



Some observations:

ÁNorthridge Earthquake, 1994

Patientsfrom onehospital were movedto another
hospital without knowing the condition of the
relocatedhospital

ÁConnectionsfractured in more than 200buildings

Connectionsalso fractured in 1989 Loma Prieta
earthquake; they went undetected for over 5
years



Local problems using global behavior

üModel basedapproach
ÅRepresented by local elements, e.g., finite element
representation

ÅTrack the numerical valuesin the mathematical model,
e.g., stiffnessand damping

ÅStudy the amount or rate of degradation of a
particular element with respect to the "as built" or
expected properties, or the previous values from
periodic inspections

ÅAfter a repair, evaluate the dynamic properties to
establishthe improved state

üThe concept of systemidentification will
be ideal.



Concept of System Identification
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Time-domain SI Techniques
ÅWith input excitation information .

ÅWithout input excitation information .

üThe collection of input excitation information is not
simple.

üIdentifying a structure using only noise-laden,
limited output responses and without input
excitation information is the subjectof the study.

üA large structure cannot be instrumented;
uneconomical and impractical ïonly a part of the
structure can be instrumented.

üResponsesmeasured by even smart sensors are
expectedto be noisecontaminated



üNovelties of the proposed nondestructive evaluation
techniquepresentedtoday are:

ÅTime domain systemidentification.

Proposed Nondestructive Evaluation 

Technique

ÅThe structures are representedby finite elements.

ÅStructure parameters can be identified at the element level
without using any input excitation information .

ÅIt useslimited output response.

ÅIt usesa very small time duration of the output responses;
from 1-2 secondsonly.

ÅAlthough the input excitation force is unknown, it predicts the
input excitation force accurately.



Theoretical Study

Fixed & Simply Supported 

Beam (MILS-UI Rayleigh 

damping), Vo

Experimental Study

Input Unknown

Limited Output

Research Team at the University of Arizona

Input Unknown

Output Known

System Identification
Frequency Domain

Input Known

Output Known

Time Domain

Shear Type Buildings (ILS-UI Viscous 

damping), Wang

Shear Type Buildings (MILS-UI 

Rayleigh damping), Ling

Frame Buildings (MILS-UI Rayleigh 

damping) and Limited Responses 

(GILS-EKF-UI), Katkhuda

Frame Buildings (MILS-UI Rayleigh 

damping) and Limited Responses 

(GILS-EKF-UI), Research presented 

Martinez

GILS-EKF-UI, Das

Three-Dimensional Structures

SI with large nonlinearity 

Abdullah



üDeterministic system and control
theories were not sufficient to
identify the systemusing responses
obtainedby measurements.

Maybeck (1979)

Our papers on the subject have very high citations 

from non-Civil Engineering scholars.



The GILS-EKF-UI Method

üThe GILS-EKF-UI Method is a combination of

Extended Kalman Filter Weighted Global

Iteration (EKF-WGI) and the proposedMILS -

UI Methods.

üThe EKF-WGI is usually used when the

information on the input excitation force is

available but output responsesare not available

at all DDOFs for a large structure.



GILS-EKF-UI Method

Why use the  GEKF-WGI Method?

ÅIt is a time domain SI technique.

ÅIt can be representedby finite element.

ÅIt usesonly limited output responseinformation .

üBUT , since the EKF-WGI method requires

information on the input excitation force,

stiffness and damping of some elements, the

MILS -UI method is combined with EKF-WGI

to form the GILS-EKF-UI method.



GILS-EKF-UI Phases

üPhase1

ÅSubstructuring:

where a part of the structure will

be selectedin such a way that the

output responsesare available at

all DDOFs, satisfying the

requirements of the MILS -UI

method.

ÅEstimate the input excitation

force , the stiffness, and damping

of all the members of the sub-

structure using MILS -UI method.
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The GILS-EKF-UI Phases

üPhase2

ÅUsing the identified excitation

input force.

ÅUsing the initial state vector

X(t i/t i) which is obtained from

the stiffness,and damping of all

membersof the substructure.

ÅThen the whole structure

can be identified using the

GEKF-WGI procedure.
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The MILS-UI Method

Stage 1
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The MILS-UI Method

{P} vector is the unknown system parameters:

Stage 1

Where matrix A contains vectors of
displacements,velocity and acceleration

[ ]1 1 2 1 2, , , , , , , ,
subL nesub nesubk k k k k kb b b a³=P

The aboveequationcanbe reorganizedas

1 1sub sub sub subN m L L N mÖ ³ ³ Ö ³=A P F



The MILS-UI Method

Concept of Least-Square

üThetotalerrorby least-squaremethod:

{}[]{}( )2PAFE -=

üTo minimizethetotalerror:

0
P

E

q

=
µ

µ

where q = 1, 2, é, L 

Stage 1



Iterative Process of the MILS-UI Algorithm

Step1: Form theA(t) matrix from the responsedata.

Step 2: Assumethe input excitation force vector f(t) to be

zero for the all time points. Then, form the initial

vector F(t).

Step 3: Obtain the first estimation of the unknown system

parametersP.

Step4: Usethe systemparametersP estimatedin Step3 to

get the unknown input excitation f(t) at all time

points.



Iterative Process of the MILS-UI 

Algorithm

Step 5: Obtain the updated estimation on P using the new

input excitation f(t) obtained in Step4.

Step 6: Update the input excitation f(t) and the updated

systemparameter P.

Step7: CalculateE = f i+1 (t) ïf i(t)

If E< epsilonthen stop program

Elserepeatsteps3 through 7.



Stage 2

ÅThe statevector canbe defined as:
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Stage 2
ÅLocal Iteration (EKF) procedure:

Step 1. Define the initial state vector and its
initial error covariance
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Stage 2

Step3. Updating Phase
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Step 4. Take the next time increment and predict and
update the system parameters. This procedure
will continueuntil all the time points are used.
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(Kalman gain matrix)

Y: Observational Vector

h: Function that relates state to measurements

V: Observational noise vector with covariance R



Stage 2

ÅGlobal Iteration Procedure:
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ÅFirst Global Iteration:

ÅSecond Global Iteration:

ÅContinue iterations until:



Nonlinear System Identification

ÁReal defect-free and defective structures are
expectedto have some degreeof nonlinearity in
their responsebehavior.

ÁThe level of excitation could be large enough to
force the defect-free structure to behave
nonlinearly

Ádefects could be serious enough to force the
structure to behave nonlinearly even with low-
levelexcitation.



Structural health assessment using 

minimum number of nonlinear responses 

ÁTo obtain the optimal solution of system identification
using any filtering approach, a complete description of
the conditional probability density is necessary.

ÁUnfortunately, a large number of parameters are
required for its description.

ÁIn the past decades,many techniques of suboptimal
approximation have been developed for nonlinear
structural SI



For civil engineering applications

ÁBesidesEKF

ÁUnscentedKalman filter (UKF)

ÁSequential Monte Carlo or particle filter (PF)
methodscanbeusedfor nonlinear SI.



Drawbacks of the sequential Monte 

Carlo methods for Nonlinear SI

ÅThe basic drawback of the sequential Monte
Carlo methods is that it often requires a very
large number of samples thus making the PF
analysiscomputationally expensive



ÅIt provides only an approximation to the optimal
nonlinear estimation

ÅIt introduces two major drawbacks

ÅThe Jacobianmatrices needto bederived

ÅThe filter can be unstable if sampling rate is not
sufficiently small

Drawbacks of EKF for Nonlinear SI



UKF for Nonlinear SI

ÅThe UKF method, an alternative filter to EKF, was
first introduced by Julier et al. (1995).

ÅIt was extendedfurther by Wan and van der Merwe
(2000).

ÅThe use of UKF for structural health assessmentis
relatively new.



Basic Concept of UKF

The main idea of UKF is to generate several sampling 

points (sigma points) around the current state estimate 

based on its covariance.

Then, these points are explicitly propagated through the 

nonlinear system equations to get more accurate 

estimation of the mean and covariance of the mapping 

results. 



Differences in Mathematical formulations of EKF and 

UKF-based Procedures

Essential steps in the EKF and UKF nonlinear SI-based procedures 

are the same except they differ in the prediction step. 



Prediction Equations using UKF



üPrediction Equations using EKF



Differences in UKF and EKF

y  = 100 sin (x)

X is a normal RV with a mean of 1.1 rad and a 

COV of 0.16 

Actual UKF EKF

Mean 82.27 82.09 89.12

Variance 368.54 411.00 329.20


